We study the chiral transformation properties of all possible local (non-derivative) interpolating field operators for baryons consisting of three quarks with two flavors, assuming good isospin symmetry. We derive and use the relations/identities among the baryon operators with identical quantum numbers that follow from the combined colour, Dirac and isospin Fierz transformations. These relations reduce the number of independent baryon operators with any given spin and isospin. The Fierz identities also effectively restrict allowed baryon chiral multiplets. It turns out that the chiral multiplets of the baryons are equivalent to their Lorentz representation. For the two independent nucleon operators the only permissible chiral multiplet is the fundamental one (
) chiral partner; otherwise it has none. We also consider the Abelian (U A (1)) chiral transformation properties of fields and show that each baryon comes in two varieties: 1) with Abelian axial charge +3; and 2) with Abelian axial charge -1. In case of the nucleon these are the two Ioffe's fields; in case of the ∆, the (1, 
Introduction
Chiral symmetry is one of the global symmetries of QCD and plays a key role in hadron physics. In the real world, chiral symmetry is spontaneously broken by the QCD ground state ("vacuum"), where a chiral condensate acquires a finite value. It is believed that the chiral symmetry is restored at sufficiently high density/temperature. Properties of hadrons would be modified under such circumstances, and the chiral symmetry, as an almost exact symmetry, would become important in the classification of hadron spectra: in particular, one would observe a degeneracy of chiral partners.
We call chiral partners a set of hadrons that share a certain representation (I R , I L ) of the chiral group SU (2) R ×SU (2) L , where I R,L label the representations of the right-, and left-isospin groups SU (2) R,L . In the Wigner-Weyl phase, all the hadrons that fall into one chiral multiplet, have their masses and axial-couplings determined by the chiral symmetry. Clear identification of chiral partners would greatly facilitate finding evidence for the chiral restoration, if there is any.
The best known example is the σ as the chiral partner of the π meson, the quartet of fields (σ, π) forming the chiral multiplet ( ). Another example is the set of ( ρ, a 1 ) mesons, which are described by the interpolating fields ρ ∼qγ µ τ q, a 1 ∼qγ µ γ 5 τ q that form the chiral multiplet (1, 0) ⊕ (0, 1).
In contrast to the case of mesons, chiral partners of baryons are not well established. Even the mere existence of chiral partner(s) of the the ground state baryon, the nucleon, is still an open question.
The main difficulty in finding the chiral partners of the nucleon is the lack of knowledge of chiral multiplets of baryons, because the observed baryon resonances do not manifestly belong to irreducible chiral representations in the spontaneously broken phase of chiral symmetry. Rather, a physical hadron is expected to be described by a linear combination of several chiral representations. At the level of the hadrons, one must assume/guess their chiral representations.
On the other hand, when one describes hadrons starting from the underlying quark substructure, the chiral multiplet (representation) for the hadrons can be determined uniquely, as shown in the case of the mesons, for instance σ, π and ρ, a 1 .
There is an infinite number of possibilities for baryon interpolating fields as, for instance one need not have only three quarks, but also five, seven or more. In addition, one may include (covariant) derivatives, or gluon fields into the baryon operators. Many lattice and QCD sum rule studies suggest, however, that the local, i.e. without derivatives, baryon operators consisting of three quarks successfully describe properties of the ground state baryons.
The construction of local operators for baryons was first studied by Ioffe [1] , Chung et al. [2] and by Espriu et al. [3] . These authors showed that the Fierz transformations provide relations/identities among baryon operators with identical spin and isospin, and thus reduce the number of independent operators, e.g. they famously reduce the number of independent nucleon fields from five to two [1, 3] , and the number of independent ∆ fields from two to one (when one neglects fields belonging to the Lorentz group representation D( 3 2 , 0)). The first systematic study of chiral multiplets of baryon operators was attempted by Cohen and Ji [4] . They did not explicitly discuss the Fierz identities among various fields, however, albeit they were aware of their existence. It is, in fact, necessary to consider the Fierz transformations, because they effectively restrict the allowed chiral multiplets of baryon operators.
Baryon interpolating fields are constructed in such a way that they belong to the same (ir-reducible) representations of the Lorentz and of the isospin SU (2) group. It is not a priori obvious, however, that they also belong to the irreducible representations of the chiral group SU (2) R × SU (2) L . We shall show that the Fierz identities/relations among baryon operators lead precisely to the (non-)vanishing of those linear combinations that form various chiral multiplets/representations. This should not be surprising as the Fierz identities form an implementation of the Pauli principle, and different permutation symmetry classes form distinct multiplets of composite particles. Hence it is necessary to take into account the Fierz identities among baryon operators. The standard isospin formalism greatly facilitates derivation of the Fierz identities and chiral transformations of baryon operators, due to the fact that both the quarks and the nucleons belong to the iso-doublet representation. The composite Fierz identities (i.e. in both the Dirac and isospin space) and the chiral transformations of baryons are straightforwardly derived using the iso-doublet representation. We also consider the Abelian (U A (1)) chiral transformations of baryons and show that most baryons come in two varieties: 1) with axial charge +3; and 2) with axial charge -1.
This paper is organized as follows. In section 2, we first define all possible quark bi-linear fields and summarize their chiral transformations. With quark bi-linear fields, all possible baryon operators can be systematically defined. We classify the baryon operators according to the representations of the Lorentz and the isospin groups. Then we derive the Fierz identities among the baryon operators for each representation of the Lorentz and isospin group. In section 3, we derive the Abelian and non-Abelian chiral transformations of the baryon operators as functions of the quarks' chiral transformation parameters, using the iso-doublet representation. All possible chiral multiplets for the baryon operators are enumerated by taking into account the Fierz identities. The final section is a summary and an outlook to the future.
Baryon Operators
Local interpolating operators for baryons consisting of three quarks can be generally described as
where q(x) = (u(x), d(x)) T is an iso-doublet quark field at location x, the superscript T represents the transpose and the indices a, b and c represent the color. Hence the antisymmetric tensor in color space ǫ abc , ensures the baryons' being color singlets. From now on, we shall omit the color indices and space-time coordinates. Γ 1,2 describe the tensor product of Dirac and isospin matrices. With a suitable choice of Γ 1,2 , the baryon operators are defined so that they form an irreducible representation of the Lorentz and isospin groups, as we shall show in this section. Note that we employ the iso-doublet form for the quark field q, although the explicit expressions in terms of up and down quarks are usually employed in lattice QCD and QCD sum rule studies. We shall see that the iso-doublet formulation leads to a simple classification of baryons into isospin multiplets and to a straightforward derivation of Fierz identities and chiral transformations of baryon operators.
We begin with bi-linears of two quarks in Eq. (1). It is convenient to introduce a "tildetransposed" quark fieldq as followsq
where C = iγ 2 γ 0 is the Dirac field charge conjugation operator, τ 2 is the second isospin Pauli matrix, whose elements form the antisymmetric tensor in isodoublet space. Taking into account the Pauli principle, there are five non-vanishing possibilities for Γ 1 (otherwise there would have been twice as many):
These quark bi-linear fields, Firstly we investigate their Abelian chiral (U (1) A ) transformation properties, which is given by U (1) A transformation of the quark,
where a is an infinitesimal parameter for U (1) A . The scalar and pseudo-scalar diquarks transform as
the vector and axial-vector diquarks,
the tensor diquark,
where D µνi 6 =qσ µν γ 5 τ i q is a dual-tensor diquark. Note that baryon operators constructed from the dual-tensor diquark can be expressed as functions of the tensor diquark by using the identity
We consider the chiral (SU (2) A ) transformation
where a is the triplet of SU (2) A group parameters. It is straightforward to obtain the chiral transformations of the diquarks: for the scalar and pseudo-scalar diquarks,
for the vector and axial-vector diquarks,
for the tensor diquark,
The scalar and pseudo-scalar diquarks D 1,2 are chiral scalars (invariants) (0, 0). The vector and axial-vector diquarks D 2 ); therefore they are chiral partners, similar to the (σ, π) case. The tensor diquark transforms into the dual-tensor diquark, and they together form the chiral multiplet (1, 0) ⊕ (0, 1). Now we proceed to the baryon operators: There we consider the Pauli principle in two steps. The first step is the Pauli principle applied to the first and second quarks, i.e. to the diquarks, as already performed and discussed above. Second, additional constraint comes from the permutation of the second and the third quark, which corresponds to the Fierz transformation. Note that the Fierz transformation connects only baryon operators belonging to the same Lorentz and isospin group multiplets. Therefore, we may classify the baryon operators according to their Lorentz and isospin representations following Chung et al [2] . It has been known that such baryon operators may couple either to the even or to the odd parity states. In the following discussions all the baryon operators will be defined as having even parity. We note, however, that the baryon operators belonging to the same chiral multiplet may have either parity.
Firstly, we consider the simplest case D(
, where D( 
where the subscripts 1, 2, · · · , 5 describe their diquark components of Eq. (3). As a consequence of the Fierz transformations, see Appendix A, we obtain three identities:
Therefore, only two among the five operators are independent under the Pauli principle, as noted by Ioffe [1] and by Espriu et al. [3] . Next we consider D(
. Baryon operators with I = 3 2 must contain either the axialvector or the tensor diquark, so there are only two possibilities,
Here P ij 3/2 is the isospin-projection operator for I = 3 2 , which is defined, together with an isospin-
The I = = 0, which ensures τ i ∆ i 4,5 = 0. Using the appropriate Fierz transformations, see Appendix A, we find that both these operators vanish,
The vanishing of these operators implies that the nucleon operators belong only to the fundamental chiral representation, as we shall show in the next section. Moreover, the vanishing of the I = For D(1,
, baryon operators may contain the vector and the axial-vector, or the tensor diquark. Hence there are three operators
where the imaginary identity i is introduced into the definition Eq. 
Owing to this projection operator, the J = 3 2 baryon operators satisfy the Rarita-Schwinger condition γ µ N µ 3,4 = 0. Here we comment that a vector-spinor (Rarita-Schwinger) field must satisfy another condition, ∂ µ N µ = 0, that can be satisfied by employing another spin projection operator that contains derivatives [5] , which we do not use here, in compliance with the standard usage in lattice QCD and QCD sum rules. The Fierz transformation provides two relations
There is therefore one independent J = , there are two operators
We obtain the Fierz identity
Therefore, there is only one independent J = operator, in accord with
Ioffe's claim [1] . This is not the only possible J = Lorentz representation, that is a Lorentz tensor
where Γ µναβ is another J = 3 2 projection operator defined as Lorentz representation, there is one ∆ operator
The Fierz transformation generates only the trivial relation ∆
, so this operator survives the total anti-symmetrization and provides a rarely considered alternative for the ∆(1232) interpolating field.
We have defined various local operators for three-quark baryons by classifying them according to their Lorentz and isospin group representations. We have explicitly shown that the Fierz transformation connects the baryon operators with identical Lorentz and isospin properties. In the next section, we shall show that the Fierz identities restrict the Pauli-allowed baryons and hence also restrict their chiral multiplets. In this sense, the chiral SU (2) R × SU (2) L symmetry plays a similar role in the relativistic treatment of baryons, to the one of SU F S (6) symmetry in the nonrelativistic treatment. Presumably, one can apply this form of the Pauli principle also to other, non-local three-quark fields that correspond to the orbitally excited states, but we leave that problem for another occasion.
Chiral Transformations
In this section, we investigate the chiral transformations of three-quark baryon operators. The chiral mixing of baryon operators is caused by their diquark components, so it is convenient to classify the baryon operators according to their diquark chiral multiplets: D 1 and D 2 ∈ (0, 0), D ∈ (1, 0) + (0, 1). First, we consider the baryon operators N 1 and N 2 that are constructed from the scalar and pseudo-scalar diquarks. As shown in Eq. (11), the scalar and pseudo-scalar diquarks are chiral scalars (0, 0), therefore N 1 and N 2 belong to the fundamental representation, whose transformations are simply,
Under the Abelian chiral transformation the rule is also linear, but more complicated as it mixes the two nucleon fields:
In other words these two nucleon fields appear to form a two-dimensional representation of the Abelian chiral symmetry U L (1) × U R (1), or an U A (1) doublet. Of course, all irreducible representations of any Abelian Lie group are one-dimensional, so the "chiral doublet" twodimensional representation of U A (1) furnished by the fields N 1,2 and defined by Eqs. (41) and (42) must be a reducible one. We may perform the reduction by taking the symmetric and antisymmetric linear combinations of two nucleon fields N 1,2 :
Then their Abelian chiral transformation properties are
Note the factor 3 in front of the r.h.s. of Eq. (45), i.e., it is the "triply naive" Abelian axial baryon charge transformation law, as it should be for an object consisting of three quarks, and the negative sign in front of the r.h.s. of Eq. (46), as it should for an Abelian "mirror" nucleon 2 .
With the vector and axial-vector diquarks, we can construct six kinds of baryon operators, four of them are I = 
As mentioned earlier, these baryon operators transform only one J = 1 2 field into another, i.e., the J = 
i.e., (N 3 −N 4 ) forms the fundamental representation ( Hence the only possible chiral multiplet containing the nucleon field is the fundamental one, i.e.,
while the Abelian chiral transformation is given by
hence both of these nucleon fields have the single-mirror property under the Abelian chiral transformation.
Similarly to the first set, at first sight the J = 
where N µ = N 
hence all of these (linear combinations of) fields belong to the single-naive Abelian representation.
Next we proceed to baryons constructed from the tensor diquark. As mentioned earlier, the chiral transformation does not change the spin. Due to the Fierz identity Eq. (27), ∆ i 5 the chiral partner of the N 5 vanishes identically and N 5 can only belong to the fundamental representation; thus we obtain
For the Abelian chiral transformation , we obtain
Therefore these fields also belong to the (1, 
hence they have the single-naive Abelian properties. So, it turns out that the only allowed chiral multiplet for the D(1, baryons are chiral partners. It has been shown in QCD sum rules [6, 7] that the ∆ were not discussed there. On the other hand, lattice QCD studies [8, 9] show that the ∆ There is is another candidate [2] for the ∆(1232) interpolating field operator: the D(
representation Eq. (39); here we obtain
Therefore the ∆ µνi 5
belongs to the (
2 ) chiral multiplet, and it has no chiral partner. The Abelian chiral transformation is given by
hence it is triple-naive Abelian field.
We have studied the chiral transformations of the spin- The D(1,
chiral partners of the ∆ are of special interest. Equations (53) and (54) determine, to lowest order in perturbation theory, their (bare) axial-coupling constant matrix. In order to see this explicitly, we consider their flavor components, which are obtained as
where ∆ 
with the familiar ("SU FS (6)") value 5 3 for its "nucleon" component. Manifestly, this value was not obtained using the SU FS (6) symmetry, but from the chiral SU (2) R × SU (2) L symmetry.
Summary and Conclusions
We have investigated the chiral multiplets consisting of local three-quark baryon operators, where we took into account the Pauli principle by way of the Fierz transformation. All spin 1/2 and 3/2 baryon operators were classified according to their Lorentz and isospin group representations, where spin and isospin projection operators were employed.
We derived all non-trivial relations between various baryon operators due to the Fierz transformations, and thus found the independent baryon fields. We showed that the Fierz transformation connects only the baryon operators with identical group-theoretical properties, i.e., belonging to the same chiral multiplet. Then we studied chiral transformations of the baryon operators, where the Fierz identities restrict the permissible baryons' chiral multiplets.
We also found that baryons with different isospins may mix under the chiral transformations, i.e., they may belong to the same chiral multiplet, whereas baryons with different spins can not. The parity does not play an apparent role in the chiral properties of the baryon operators. Thus, naively, the nucleon could have a chiral partner -a baryon operator with I(J P ) = 2 ) multiplet has Abelian axial charge +3. The Abelian (U A (1)) chiral properties also resolve the nucleon field ambiguity (Ioffe [1] ): one nucleon has Abelian axial charge +3; another has Abelian axial charge -1. Physical consequences of this U A (1) ambiguity have to some extent already been explored in Ref. [10] in the case of nucleons, whereas the question remains completely unexplored in the case of the ∆.
Some partial results have already been pointed out by Ioffe [1] , by Chung, Dosch, Kremmer and Schall [2] , and by Cohen and Ji [4] , but they were limited in their scope. For example, Ioffe [1] and Chung, Dosch, Kremmer and Schall [2] , were concerned only with the Fierz relations and the number of independent fields, not with their chiral properties. Moreover, Ioffe did not mention the D( [4] , on the other hand, were concerned primarily with the chiral properties. We have unified these two questions and showed that only a complete analysis leads to a meaningful answer to both. Our results answer a specific question raised recently in the study of baryon chiral multiplets, [11] , and thus open the door to further explicit studies in this field.
We have employed the standard isospin formalism instead of the explicit expressions in terms of different flavored quarks in the flavor components of the baryon fields that are commonplace in this line of work. By using the isospin formalism, we have been able to derive all Fierz identities and chiral transformations of the baryons systematically. The extension to SU(3) is not as straightforward as one might have imagined, however, so we leave it for another occasion. 
A Fierz Transformation
For the D( 
